The Witt algebra W d of rank d(≥ ) is the derivation algebra of Laurent polynomial algebras in d commuting variables. In this paper, all biderivations of W d without anti-symmetric condition are determined. As an applications, commutative post-Lie algebra structures on W d are obtained. Our conclusions recover and generalize results in the related papers on low rank or anti-symmetric cases.
Introduction
Let F be a eld of characteristic zero. We denote by Z the sets of all integers. We x a positive integer d ≥ and denote by W d the derivation Lie algebra of the Laurent polynomial algebra A = F z ± , ⋯, z
in d commuting variables z , ⋯, z d over F. It is well known that the in nite-dimensional Lie algebra W d is called the Witt algebra of rank d. Its representations have attracted a lot of attention from many mathematicians [1] [2] [3] [4] [5] . According to their notations, the Witt algebra can be described as follows. 
where w = (u, s) v − (v, r) u. Therefore, the Witt algebra of rank d is the F-linear space
It is well-known that derivations and generalized derivations are very important subjects in the research of both algebras and their generalizations. In recent years, biderivations have interested a great number of authors, see [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . In [7] , Brešar et al. showed that all biderivations on commutative prime rings are inner biderivations, and determined the biderivations of semiprime rings. The notion of biderivations of Lie algebras was introduced in [15] . Since then, biderivations of Lie algebras have been studied by many authors. It may be useful and interesting for computing the biderivations of some important Lie algebras. In particular, the authors in [11] determined anti-symmetric biderivations for all W d . All biderivations of W without antisymmetric condition were later obtained in [14] . In the present paper, we shall use the methods of [14] to determine all biderivations of W d for all d ≥ .
Next, let us introduce the de nition of biderivation. For an arbitrary Lie algebra
is a derivation with respect to both components. Namely, for each x ∈ L, both linear maps φ x and ψ x form L into itself given by φ x = f (x, ⋅) and
for all
In this paper, we will prove that every biderivation of W d without anti-symmetric condition is inner. As an application, we characterize the commutative post-Lie algebra structures on W d .
Biderivations of the Witt algebras
We rst give some lemmas which will be useful for our proof. (2) . Therefore, from Lemma 2.1 we know that φ x is an inner derivation of
Lemma 2.1 ([17]). Every derivation of W d is inner.

Lemma 2.2. Suppose that f ∈ B(W d ). Then there are linear maps φ and ψ from
Since f is bilinear, it is easy to verify that φ is linear. Similarly, if we de ne a map
The proof is completed. 
where a
Proof. Lemma 2.2 tells us that
for all i, j ∈ { , ⋯, d} and r, s ∈ Z d . From (3) and (4), the conclusion follows by direct computations. Proof. Note that D(e i , ), i = , ⋯d span the Cartan subalgebra h, so it is enough to prove that φ(D(e i , )), ψ(D(e i , )) ∈ h for each i ∈ { , , ⋯, d}. For any xed i ∈ Z, applying (3) for r = we have that
We will prove that a
Now for an arbitrary s ∈ Z d ∖ { }, we assume that s j ≠ for some j ∈ { , , ⋯, d}. It follows by letting r = in (5) that
It is clear that the right-hand side of (7) does not contain any non-zero elements in h, thereby the left-hand side is so. From this, one has that
Thanks to s j ≠ , we have by (8) 
for all i, j ∈ { , ⋯, d} and r, s
Proof. We will only prove (10), the proof for (9) is similar. Continuing the use of the assumptions (3) and (4), we also have that (7) holds. This, together with Lemma 2.4 meaning a
Therefore, from (11) we see that b (j,s) k,n n i = for all i = , ⋯d and (k, n) ≠ (j, s) with n ≠ . This implies that
which proves (10).
Lemma 2.6. Let f ∈ B(W d ) and φ, ψ be determined by Lemma 2.2. Then there is
Proof. We use the assumptions (3) and (4). With Lemmas 2.4 and 2.5, Equation (5) becomes
Although r ≠ , but we still can nd a subset {s ( ) , ⋯,s (12), then we see that
Similarly, we have b
Next, by taking s = ( , ⋯, ) ≐ e in (13), we have a
j,e for all i ≠ j. This tells us that a
,e for any i ≠ and a 
